Although there are efforts to electrify and diversify small vehicles, active safety on motorcycles and tricycles (also known as auto rickshaw, tuk-tuk, mototaxi, etc.) has been relegated until a few years ago. For instance, the electric tricycles (even the combustion ones) marketed today do not have an active safety system that prevents or mitigates the risk of rollover, despite how prone they are to such a situation. The concern for the increase in its marketing is latent and, unfortunately, there are very few related studies. In this article, we present the obtaining and validation of a new rollover index for tricycles demonstrating its effectiveness in predicting and detecting the risk, even statically, by means of a simple quantity. In addition, a controller for the mitigation of the risk of rollover is presented which, by means of a Lyapunov type analysis, it is shown to be robust to changes in parameters, such as the center of gravity height, using a polytopic representation of the system and a differential braking strategy on the rear wheels. Numerical simulations, including video simulation captures, of the operation of the rollover mitigation system using widely recognized commercial software, are also presented. This work can be extended to vehicles with a suspension system or for trikes without autocamber.
Introduction
In recent years, concern about high levels of pollution has increased due to its effects on climate change and the use of fossil fuels on a large-scale is considered one of its main precursors. An alternative widely accepted by governments is to promote the change to electric transportation since generation of electrical energy can come from green or renewable sources that imply a much lower pollution, in addition to their transportation and commercialization is much more efficient [1] [2] [3] . The small vehicles technology has not been the exception to such change, and currently researchers are in full development to achieve an efficiency and economy comparable to those in internal combustion vehicles (see [4] [5] [6] [7] [8] and many others). For instance, commercialization of electric tricycles as a green substitute for rickshaws, auto rickshaws, tuk-tuks, and even wheelchairs and other devices for differently abled people, is growing day by day (Flyhorse, Jinhua Jiabao Vehicle Co., Ltd., Fengxian Hao Ran Electric Vehicle Co., Ltd., Jinyi Vehicle Co., Ltd., Chongqing Tengtian Group, and many others). Unfortunately, while for vehicles of four or more wheels there are numerous commercial systems and global research of new strategies of active safety (see [9] [10] [11] [12] [13] [14] and many others), in two and three wheelers (even those of fossil fuel) there is very little research despite the high speeds that can reach and how prone they are to become unstable.
In [15] , the authors presented the system model for velocity control and autonomous trajectory control for an electric tricycle vehicle; a PID controller is used and software simulations are presented; however a curvature path is calculated and it is considered that the tricycle can do any trajectory. An interesting comparative study of Fuzzy and Neural controllers is presented in [16] ; although in some of these strategies a turn limit is considered, lateral stability is not assured; that is, they are still prone to a rollover. In 2 Mathematical Problems in Engineering [17, 18] , the authors presented a model of risk based on traffic and/or GPS information. Although this strategy could take advantage of this information to avoid accidents related to rollover, a priori knowledge is required and lateral stability could only be ensured for a limited set of situations. The authors in [19] presented the most related investigation about lateral stability behaviour in a three wheeled vehicle. In such paper, a static limit on the lateral acceleration is imposed to avoid the tipping of some rear wheel when the center of gravity ( ) is centered with respect to the rear axle; however, in a real scenario the position of the center of gravity is hard to estimate and time-variant. In addition, the authors present neither a mitigation strategy for the lateral acceleration nor a dynamical validation of the evaluation strategy of the risk.
Although a rollover index (RI) is found in the regulations for 4 and more wheels vehicles ( [20] ), it is presented as a definition but not as a way to estimate it, much less to mitigate it through an active security system. Many authors have used this definition to generate tractable mathematical models for estimating the RI to mitigate the risk of rollover in 4-wheel vehicles even using multiple actuators (see, for instance, [13, [21] [22] [23] [24] [25] ). However, the rollover dynamics of a 3-wheel vehicle in delta configuration (a front wheel and two rear wheels) differs considerably from that in a 4-wheel vehicle and its modelling is not a trivial task; at the moment, there is not in the literature a mathematical modelling that allows the dynamical estimation of the rollover risk in tricycles.
Even more, the mitigation of the rollover in wheeled vehicles is an extremely complicated task, especially in tricycles with a single wheel in front.
In this paper, a dynamical model of the lateral behaviour (rollover dynamics) in a tricycle with a single front steering wheel and in-wheel traction motor and two rear wheels with independent brake is presented; this model can be easily adapted for analogous configurations and is obtained from simple principles and validated by CarSim, a very accepted software in the study of wheeled vehicle designs. Later, a dynamic measure of the rollover risk is presented; such estimation is called rollover index (RI) in allusion to that in 4-wheel vehicles; however the RI estimation for tricycles presented in this paper is novelty.
The mathematical model presented in this paper is suitable to allow the mathematical design of RI mitigation controllers and devices (is a tractable rollover model). The RI presented in this paper is an easily comprehensible quantity within the [−1, 1] range, where the sign indicates the side to which the risk is presented and its magnitude indicates the level of risk (1 indicates an imminent rollover to the right).
For instance, in this paper, a polytopic representation of the mathematical model is used to design a controller that uses rear differential braking as an actuator and that is robust to parametric uncertainty; this includes the position of the center of gravity, and it is mathematically demonstrated that the strategy can mitigate the risk of rollover as far as the limits of physics allow. Plainly, different control strategies could be used each one with advantages and disadvantages; however, a polytopic representation allow designing a controller that is robust against parameter variation within quantitative compact ranges, ensuring that the rollover risk is mitigated; only sensitive parameters can be selected to have a variation, and the gains are obtained offline allowing a fine tuning (regularly P, PD, PI, or PID controllers are used). Finally, illustrative simulations are presented using the mathematical model generated by CarSim to show that the differential braking controller is capable of mitigating the RI.
Organization of this paper is as follows. In Section 2 the tricycle mathematical model is presented. In Section 3 the RI deduction is exposed and in Section 4 we have validations of the dynamic model behaviour and of the RI ability to predict and detect a rollover. The robust RI mitigation controller is presented in Sections 5 and 6 illustrative simulations. Final discussion and conclusions are presented in Sections 7 and 8, respectively.
Tricycle Model
In order to obtain the dynamic lateral behaviour of the tricycle, Figure 1 is used. From the point of view of an observer in the origin of an inertial coordinate system Σ ,
where is the center of gravity, V is the front wheel velocity, is the front wheel angle with respect to a longitudinal axis fixed at the tricycle frame (steering angle), is the angle difference between the velocity of the front wheel and a longitudinal axis fixed at the center of the front wheel (sideslip angle), is the distance from the center of the front wheel to the o , is the angle of the longitudinal axis fixed to the frame of the tricycle with respect to an inertial coordinate system, V is the magnitude of the velocity of the , and is the angle difference between the velocity of the and the longitudinal axis fixed to the frame of the tricycle. Here it is considered a planar translation (over the plane only) without slipping of the wheels. Dividing 1 by Mathematical Problems in Engineering 3 2 and considering that V > 0 and that and are small angles sin( ) ≈ , cos( ) ≈ , and tan( ) ≈ ,
If the coordinate system Σ is far enough, the rear wheels can be seen as a single one and performing a similar analysis is obtained:
where is the angle difference between the velocity of the rear wheels and a longitudinal axis fixed at the center of the front wheel (sideslip angle), and is the distance from the center of the rear wheels to the . On the other hand, the translational dynamics is
Differentiation of (5) turns on
A coordinate transformation to a coordinate system fixed in the tricycle frame Σ allows obtaining
Newton's second law in the same scenario can be written as
where is the vehicle total mass, Σ is the total longitudinal force, and Σ is the total lateral force. Considering that V is a varying parameter with a nominal value, thenV ≈ 0. That is, for now the speed of the is considered constant and in the following sections a Linear Parameter Varying (LPV) system is built in order to obtain a robust design controller for quantitative limits of V . From (7) and (8) ,
can be written aṡ
Considering that the rolling resistance, aerodynamic drag, and other effects are compensated by the traction of the inwheel front motor to maintain a speed, the longitudinal force in the front wheel balance is zero (in this case the tricycle has only traction). Σ = + , where is the braking force in the left rear wheel and is the braking force in the right rear wheel. From Figure 1 the lateral force balance can be calculated as Σ = + , where is the lateral force in the center of the front wheel, is the force in the axis of the rear wheels, and
where is the front lateral force component of the front lateral force with respect to Σ and is the rear lateral force component of the rear lateral force with respect to Σ (there is no rear steering). The lateral forces can be approximated by nonlinear functions of the tire sideslip angle for a wide region of lateral force ( [26, 27] ). In this paper, the lateral forces are approximated by linear functions since the main objective is to conservatively predict a rollover risk; this is, the nonlinear approaches exhibit a saturation behaviour while the linear ones predict larger lateral forces and, for instance, larger rollover risks as developed in the following sections. Using (3) and (4), the lateral forces can be written as
From (9), (13) , and the small approximation,̇can be rewritten aṡ
The previous equation depends on; the dynamics of the yaw rate can be obtained performing a torque balance ( Figure 1 ):
where is the yaw moment of inertia, is the distance from the left rear wheel center to the frame longitudinal axis, and is the distance from the right rear wheel center to the frame longitudinal axis. Note that these last parameters are considered different since the driver of the tricycle can be inclined to a side, moving instead of being in the center. Substituting the forces the dynamical behaviour of the yaw rate is̈= 
Rollover Detection
A rollover condition can be obtained from a wheel vertical forces unbalance [28, 29] . However, for the case of the tricycle, the rollover index found in the literature is no longer valid since is always laterally centered between left and right rear wheels (that is, = ). In a tricycle, the longitudinal and lateral positions of have an important effect on the rollover risk. The rollover index is defined as the normalized difference between the left and right vertical forces; that is, when they are equal the risk is zero, if left vertical forces are zero the risk is one, and if right vertical forces are zero the risk is minus one. The closer the absolute value of the rollover index to the unit, the higher the risk of tipping, and the sign indicates the side to which the risk is presented. In this paper, the tipping of the front wheel is not considered; that is, the front electric motor does not have enough torque, and there is no front wheel brake to induce a front/full-rear tipping. Under such considerations the rollover index is defined as
where and are the vertical forces in the tireground contact point for the left and right wheels, respectively. Using Figure 2 and performing a front-to-rear torque balance with respect to the point one has
where is the vertical force for the front wheel in the tireground contact point, is the distance between front and rear axles, is the gravitational acceleration, ℎ is the height of the , and is the longitudinal acceleration. For now, the speed of is considered constant and in the following sections a Linear Parameter Varying (LPV) system is built in order to obtain a robust design controller for quantitative limits of V ; under this consideration ≈ 0: On the other hand, using Figure 3 and performing a right-toleft torque balance with respect to the point one has
where is the vertical force for the rear right wheel in the tire-ground contact point, = + is the width of the rear axle, is the distance from the rear right wheel to , is the distance from the rear left wheel to the , ℎ is the height of , and is the lateral acceleration of the . Performing a right-to-left torque balance with respect to the point one has
Substituting (19) into (20) and (21) turns on
Using the above equations on (17),
From the previous equation, it is easily seen that the RI can be estimated from a simple measure (accelerometer); position parameters can be considered initially constants with their nominal values. In the following, a robust controller is designed, and a stability analysis is performed; that is, the RI for delta tricycles can be experimentally estimated by (24) and the following analysis is performed to demonstrate that a differential braking controller can mitigate the rollover risk in delta tricycles.
Note that there is a direct relationship of the rollover index with the position of the ; for instance, if is not laterally centered ( ̸ = ) there is a constant contribution to the risk. Note that if is at the same height as the axles height and it is centered laterally, the risk is null; however, this is fiscally hard to accomplish at every time and a control system must be implemented in order to mitigate the risk of rollover. Note also that the closer the center of gravity of the front tire is, the more easily the risk of rollover is triggered by any value of different from zero; therefore, in the case of the tricycle with front wheel drive and rear braking, it is recommended that the center of gravity be placed as close to the rear axle as possible (placing the batteries in the back). The lateral acceleration can be estimated from the next lateral force relation and (12)- (13) as follows:
Finally the RI, for controller design purposes, is calculated from the dynamic variables of the vehicle state space model:
Model Validation
In this section, the validation of the mathematical model of the vehicle and the effectiveness of the to predict a rollover is presented by using a widely accepted software named CarSim. This validation is performed by comparing the data provided by CarSim and that is generated by the mathematical model integration in Matlab for representative manoeuvres (double lane changes at constant speeds). A tipping is considered when the vertical force in one of the rear wheels is zero, and in this paper such situation is considered an imminent rollover. The parameters of Table 1 are used in the model and in CarSim; however, CarSim uses lateral force profiles instead of linear approximations and the cornering stiffness is obtained from such profiles for front and rear wheels. The front steering has a 1 : 19 reduction and some units conversion is necessary; the friction coefficient is set to 0.85. CarSim uses a suspension system but our tricycle does not have one; the spring rates for the suspension system were set to a very high value in CarSim in order to simulate without such system.
Tricycle Model Validation.
For this validation, the manoeuvre is selected to almost lift a rear wheel (almost a rollover). This is of interest for this study, to maintain the absolute value of , in lower values instead of making a recovery of the tipping. In Figure 4 the angle is presented, which represents a double lane change. All the simulations on this section were performed at V = 14 m/s. In Figure 5 a graphic comparison of the sideslip angle ( ) is shown; it can be noticed that the proposed model performs similar dynamics to CarSim except for nonlinearities. It can be considered a sufficiently precise approximation since the model allows obtaining conservative dynamics. On the other hand, the comparison between CarSim and the presented dynamic model for the dynamics of the yaw rate ( Figure 6 ) and the lateral acceleration ( Figure 7 ) is very accurate.
Rollover Index Validation.
The validation of the RI is performed by comparing the vertical forces in the rear wheels provided by CarSim with the RI value. That is, a low value of vertical force in a wheel indicates that this wheel is about to lose contact with the ground and has a high risk of tipping; in this situation the RI absolute value must be almost the unit First, the manoeuvre of Figure 4 is used. In Figure 8 the vertical forces in the rear wheels are shown; these forces are normalized (divided by ) for easy comparison with the RI. Also, the RI value is shown. It can be easily noticed that a low vertical force in the left rear wheel force implies a high vertical force in the right rear wheel (a left turn is performed) in = 2.7 s, such that the RI measures about 0.6 indicating that there is no risk of rollover during a left turn. At = 4.8 s the RI is calculated about −0.7 indicating that there is no risk of rollover during a right turn. In Figure 9 an illustrative (pictorial) capture of the CarSim's simulation at = 2.7 s ( = 0.6) is shown; the yellow vertical arrows indicate the magnitude of the vertical force for each wheel; note that the rear left vertical force is lesser than the rear right vertical force confirming that there is no risk of rollover during a left turn as the value indicates. Secondly, the manoeuvre of Figure 4 is multiplied by 1.5 (150%) and used as the steering input in order to simulate a risky manoeuvre. In Figure 10 the normalized vertical forces in the rear wheels are shown and also the RI value is shown. It can be easily noticed that a very low vertical force in the left rear wheel force implies a very high vertical force in the right rear wheel (a left turn is performed) in = 2.7 s, such that the RI measures about 0.9 indicating that there is a high risk of rollover during a left turn. In Figure 11 an illustrative (pictorial) capture of CarSim's simulation at = 2.7 s confirming a high rollover risk is shown (the rear left vertical force is almost zero).
Finally, the manoeuvre of Figure 4 is multiplied by 1.9 (190%) and used as the steering input in order to simulate a rollover manoeuvre. In Figure 12 the normalized vertical forces in the rear wheels are shown and also the RI value is shown. It can be easily noticed that a zero vertical force in the left rear wheel force indicates an imminent tipping from = 1.2 s, such that the RI measures more than 1, indicating that there is an imminent rollover during a left turn. In Figure 13 an illustrative (pictorial) capture of the CarSim's simulation is shown confirming a left tipping; after = 2.5 s the vehicle completely rolls over.
Discussion.
From the previous validation, it is important to highlight the accuracy of the mathematical model and the RI to detect a rollover risk. Since the RI depends on lateral acceleration, it can be measured easily in a real application considering an initial position (nominal parameters), and a robust controller design allows ensuring stability even against abrupt variations of the parameters as long as the values of the parameters are within the compact design ranges. In the following a robust controller design is presented.
Robust Controller Design for the RI Mitigation
From the first term of the right side of (27) , it can be seen that the geometric position of the has a very high impact on the rollover risk. Indeed, if is located near the front of the tricycle or beyond the rear axle, an imminent rollover is calculated even statically. For this reason, a differential braking controller can only mitigate the rollover risk. Despite the above physical limitation, the RI is used to design an output feedback instead of a state feedback as follows.
Conforming/rewriting the complete math model of the system from (16), (14) , and (27) one haṡ
where 
where > 0 is a controller gain, ≥ 0, ≥ 0, and ∈ {0, 1} is zero when a rollover risk to the left is detected and one when to the right. That is, when a rollover risk is detected one should brake only with the exterior wheel.
Mathematical Problems in Engineering
Under the above control law, system (28)- (29) is reduced tȯ=
In the following, parametric uncertainty is considered; that is, every value of all parameter in system (32) is considered unknown but within a known range and with a nominal value usually in the middle of the range. For instance, has a nominal value of 120, 000 and with a variation ratio of ±10% the range of variation is [ , ] = [108, 000; 132, 000] and the minimum and maximum values of the range are denoted by an underline and overline, respectively. System (32) with parametric uncertainty iṡ
System (34) can be written as a polytopic, simplex system [30] (in the following named polytopic system for simplicity) using the maximum and minimum of the matrices entries (2 entries decomposition for each matrix) in order to establish stability conditions and to determine a suitable controller gain:̇= ] ,
Here, the convex addition property of convex functions is used [30] . From system (35), when the simplices are 1 = 1, 1 = 1, and 1 = 1 the system is known as a vertex of (35); 2 = 1, 1 = 1, and 1 = 1 are other vertex, successively for all the combinations such that 2 7 vertexes can be found. In the following, stability conditions of the polytopic system (35) are obtained using the results from [31] : the quadratic stability of system (35) is ensured if it is quadratically stable for all vertexes with a Common Lyapunov Function (CLF). Consider the CLF candidate V = , where is a symmetric positive definite matrix, the time derivative of along the trajectories of the vertex iṡ
such that iḟ≤ 0 for all ( ) the quadratic stability is ensured. Consider that ( ) ≤ since the front wheel angle is limited to ± /4; one should prove that
where is the identity matrix, and > 0 is considered a stability margin that depends on the magnitude of the perturbations ( and the uncentering of the decentering/bias). In order to get and that maximize the stability margin for all , the following linear programming algorithm is used.
Algorithm 1.
(1) Set = 0 and = 0. Step (3) implies solving for + + ⪯ 0; this is equivalent to selecting the maximum eigenvalue of + . Note that Step (2) solution is not always guaranteed, depending on the ranges of parametric variation; if a solution can not be found, the parametric ranges should be reduced. a is selected accordingly to the maximum braking force, since it is approximately limited to /2 in the best scenario (with = 0 and braking with the interior wheel). If a stability margin greater than zero is found, then with some > 0 there exists a matrix suitable to construct a CLF such that the quadratic stability of the polytopic system is ensured.
Moreover, it can easily be seen that the closed loop system allows increasing the stability margin and, therefore, the magnitude of the perturbations; that is, the controller helps to mitigate the RI when the driver performs a turn or when the is not laterally centered. As expected, if the perturbation is of a very high magnitude the rollover is imminent; for instance, if the is laterally beyond the rear axle, it is impossible to avoid the rollover with differential braking.
It is worth mentioning that some of the nominal parameters needed to calculate the control law (31) are not easily measurable, for instance, , , , and ℎ. However, states/parameters observer can be once established to determine the values nominal and variation ranges; since the controller is robust against bounded parameter changes, it is not necessary an exact estimation of those values.
Finally, it can be concluded that the control law (31) stabilizes system (28)- (29) if the Algorithm 1 can be solved for > 0 with some , for bounded variation of the parameters.
Simulations
In this section, an example of the controller design and simulation results is provided. It is worth mentioning that the CarSim model is used in Simulink to close the loop and it uses a nonlinear numeric model to simulate the tricycle dynamics.
Consider a tricycle with the nominal parameters of Table 1 For this iteration, ≈ 0. With Δ = 0.02, the next iteration results in = 4.58 × 10 −6 and then = 9.162 × 10 −6 , successively such that the stability margin increases with . In this case, any > 0 is enough to mitigate the RI, and it is tuned in such a range for to a desired response; that is, if the gain is selected high, a higher magnitude of perturbation can be rejected but it may seem aggressive for the driver (the rollover risk is lower), and if the gain is selected low, a lower magnitude of perturbation can be rejected (the rollover risk is higher); for the simulations presented in the following, = 9.63 is used.
In order to exhibit graphically the RI mitigation, consider the rollover manoeuvre of Figure 4 multiplied by 1.9 (190%). Using this maneuver in open loop, as in Section 4.2, the left rear wheel of the tricycle loses contact with the ground and the vehicle ends its trajectory with an accident. In the upper plot of Figure 14 a comparative of the RI dynamic behaviour of the vehicle in OL (black plot) and several scenarios in CL (various colours) are shown. Such CL scenarios consist of relevant combinations of design limits of each uncertain parameter considered, including the friction coefficient. From this trend it can be noted that, for the different combinations of uncertain parameters in closed loop, the absolute value of the RI always remains lower than the unit while, in closed loop, values of > 1 indicate a rollover; in this way, it can be seen that the controller is robust to changes in the parameters including the friction coefficient and manages to avoid the rollover of the vehicle compared to the scenario in open loop. The above affirmation can be pictorially confirmed in Figure 15 ; note that the black squared snap corresponding to the OL scenario shows how the vehicle performs until its rollover.
In the middle plot of Figure 14 the roll angle evolution in the aforementioned scenarios is shown. The black plot, corresponding to the OL scenario also confirms that the vehicle rolls upside down. In the bottom plot of Figure 14 the Yaw dynamics are graphed confirming the loss of vehicle manoeuvrability in OL and how the elusive trajectory is followed in CL.
From the previous results, it can be confirmed (see (27) ) that high , low , high , and low are the worst scenario for rollover risk within the design boundaries (violet plots). It is worth mentioning that the tire stiffness and are timevarying and simulated by CarSim as nonlinear dynamics by the Pacejka approximation and the bounds for the robust controller design were selected from such approximation.
For purposes of completeness, in Figure 16 the normalized vertical forces in the rear wheels are plotted, as well as the RI for the worst scenario of parameter variation (within the design boundaries). Note that the vertical forces reach a zero value; although the rollover is mitigated, a greater perturbation or a parameter out of the design bounds can result in a rollover. That is, the presented strategy, as most of the active safety vehicular systems, is a driving assistance and at the moment it is physically impossible to avoid the rollover in every scenario. In Figure 17 the braking pressures for the worst scenario in CL are depicted.
In Figure 18 the RI, vertical forces in the rear wheels, and the roll angle for a scenario of parametric uncertainty out of the design bounds are shown. The parameter changed in this scenario is the vehicle speed set to 70 kmph. As mentioned previously, the controller presented in this paper can avoid the rollover as far as the limits of physics allow, but in extreme cases, as a very high speed, the differential braking is not enough to prevent the rollover.
Finally, the closed loop dynamical behaviour with an abrupt change of a parameter is illustrated; unfortunately not all of the parameters can be changed online in CarSim. In Figure 19 the RI, vertical forces in the rear wheels, and the roll angle for a scenario of an abrupt parameter change are shown: the height is changed from 0.49 to 0.6 m in the worst scenario of parameter variation (within the design boundaries). This parameter, as well as the speed, is confirmed to be very sensitive to the rollover risk (by the previous simulations); however ℎ is selected to change abruptly because the tricycle speed cannot increase as fast as ℎ can. Note that even against such abrupt parameter change, the rollover is avoided.
Final Discussion
The presented analysis in this paper is aimed to analyse the lateral dynamics of an electric tricycle since its rollover is very hazardous for their occupants. First a mathematical model of the tricycle, useful for rollover detection, is obtained. Later, a dynamic rollover risk index is obtained from basic physic facts and the Newton Law. Such rollover index is useful to indicate the actual risk of rollover by a simple quantity. Then, a numerical validation of the mathematical model and the RI with very good results is performed. The RI can predict and detect a rollover condition, and one of their qualities is depending on the longitudinal and lateral position of the center of gravity, showing that even statically (in the sense of a straight line displacement) a rollover risk can exist. As far as the authors are aware, there is no such complete estimate of rollover risk in the literature.
Later, a rollover mitigation system is mathematically developed by using a polytopic description of the mathematical model. Such description allows designing an effective rollover mitigation system when the ranges of parametric variation are well estimated, and a Lyapunov type analysis allows ensuring the stability even against abrupt changes (values within compact ranges) in parameters. The effectiveness of the controller is illustrated by using precise simulation software for a very representative rollover manoeuvre, showing that the controller is able to avoid the rollover.
It is worth mentioning that, from the previous simulations, a low friction coefficient has the effect of reducing the stability margin since the maximum breaking force is reduced. Even more, if the friction coefficient is too low a side slip occurs instead of a rollover; that is, there exists a relationship between the rollover and the sideslip during a curved maneuver depending on the friction coefficient, the height, and other parameters as demonstrated in [32] for 4-wheeled vehicles. This last observation is out of the scope of this work and it is encouraged to the reader to ascertain it.
The implementation of a rollover mitigation device as presented in this paper can be implemented in a low cost platform conformed by low cost components: an accelerometer, a microcontroller, a power stage (with MOSFETS), and a pair of actuators. The actuators can be linear motors, electric pistons, or simple motors that wind each brake cable of the rear wheels (about 30 USD depending on the tricycle weight). More adequate and cheap actuators can be designed for a particular application; however, it is out of the scope of this paper. Since the controller law implies simple calculus (some mathematical operations, PWM, and sensor readings) a Microchip PIC/DSPIC can be used. The authors estimate an approximate total cost including a PCB fabrication on 100 USD.
Conclusions
In this work, a new estimation of the rollover risk in a tricycle during turns is presented. The estimation is presented/calculated as a simple quantity that even statically indicates the risk and its validation is performed with very good results.
In addition to showing that the use of robust controllers in polytopic systems has a wide range of applications, it is shown that a differential braking strategy, modelled as a polytopic system for the rear wheels of an electric tricycle, can mitigate the risk of rollover to where physical limitations allow it.
The controller is easy to implement since few components and a couple of actuators are required, which can be electrical or hydraulic. Distance between front and rear axles :
Nomenclature
Center of gravity, distance to front axle :
Center of gravity, distance to rear axle :
Vehicle total mass : Yaw angle RI: Rollover index Σ : Inertial coordinate system V : Center of gravity speed V : Front wheel velocity.
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